Abstract. Assume that only the lists of upper k-records and lower k-records of a …nite sequence are available and the existence of a monotonic trend in location is interested in. In this study, a distribution-free test based on the di¤erence between the numbers of upper and lower k-records is proposed for this situation. The exact and asymptotic distributions of the proposed test statistic are obtained for a random continuous sequence which is independent and identically distributed (i.i.d.). Also, a comparison between the proposed test and some well-known distribution-free tests is made in terms of empirical powers.
Introduction
Statistical detection of a monotonic upward or downward trend in location over time is a crucial subject in many applications. For example, in meteorology, relating to global warming, it is inevitable and important to ask whether the mean annual temperatures have been rising over a long-time period. Similar questions related to the monotonic changes can also be found in many other …elds. Considering the problems of a monotonic trend detection; in general, two groups of methods, i.e., parametric and nonparametric, are discussed in the literature. Parametric methods are more powerful in detecting trends compare to nonparametric methods if observations come from a normal distribution. However, when the distributional assumption of normality fails to be the case, it is statistically appropriate to use a nonparametric method. For this reason, various distribution-free tests related to this issue were proposed by many authors such as Wallis and Moore [24] , Moore and Wallis [16] , Wald and Wolfowitz [23] , Mann [15] , Daniels [6] , Foster and Stuart [9] , Cox and Stuart [5] , Aiyer et. al. [2] , Diersen and Trenkler [7] , and Hofmann and Balakrishnan [10] . If each observation is recorded one by one in time, one of the rank-correlation tests like Mann-Kendall [15] , Spearman's rho [6] , and HofmannBalakrishnan [10] can be used for the trend detection due to their high power under variety of distributions (see [10] , [21] , and [22] ). On the other hand, sometimes, only extreme values, i.e., record values (see [4] ), are sequentially recorded and taken into consideration in many areas like hydrology, meteorology, epidemiology, and sports (see for details; [1] , [3] , [12] , [17] , [18] , and [20] ). In the case of such data, the record based distribution-free tests are uniquely appropriate in order to detect a monotonic trend in location. First examples of this kind of tests were proposed by Foster and Stuart [9] . In the more recent literature, Diersen and Trenkler [7] proposed more powerful versions of these tests.
In some applications like insurance claims in non-life insurance, kth-records (kth largest or smallest values) rather than records among a sequence may be considered (see [11] and [19] ). The distributional theory of kth-records was …rst introduced by Dziubdziela and Kopocinski [8] . There are many papers on the kth-records in the literature but it appears that none of them has been related to the nonparametric trend detection. For this reason, in this study, a nonparametric test based on the di¤erence between the numbers of upper and lower kth-records in a …nite continuous sequence will be proposed as a generalized version of the d-test in Foster and Stuart [9] . This generalized version can be thought to be suitable in some situations. For example, in sports, generally, only the k best and the k worst scores among all the performances are instantly reported at the time when one of the k lists is updated. Note that such k lists are called "bottom-k-list" and "top-k-list" (see [13] and [14] ). Sometimes, the changing numbers of both lists and the total number of the performances from the beginning may be accessible even if all of the performances are not available. Such situations also exist in some other …elds like meteorology and hydrology. In this context, the proposed distribution-free test will be uniquely appropriate for detecting a monotonic increasing or decreasing trend in location.
The paper is organized as follows: The proposed test statistic is de…ned and its exact distribution is derived for i.i.d. case in Section 2. In the following section, the asymptotic distribution of the test statistic is also obtained. An illustrative example is given in Section 4. In the last section, the comparative results of the proposed test against Mann-Kendall's and Foster and Stuart's tests are presented via Monte-Carlo simulations.
The Proposed Test Statistic and Its Exact Distribution
Let X 1 ; X 2 ; :::; X n be independent continuous random variables with distribution functions F 1 ; F 2 ; :::; F n , respectively. The proposed test statistic is de…ned as
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where
1 if the (k + r)th observation changes only current lower kth-record, i.e., X k+r < X r:k+r 1 1 if the (k + r)th observation changes only current upper kth-record, i.e., X k+r > X k:k+r 1 0 if the (k + r)th observation changes both of current upper kth-record and current lower kth-record, i.e., X r:k+r 1 < X k+r < X k:k+r 1 , and
1 if the (k + r)th observation changes only current lower kth-record, i.e., X k+r < X k:k+r 1 1 if the (k + r)th observation changes only current upper kth-record,
i.e., X k+r > X r:k+r 1 0 if the (k + r)th observation changes neither current upper kth-record nor current lower kth-record, i.e., X k:k+r 1 < X k+r < X r:k+r 1 .
It is clear from the de…nition that the statistic of T k;m indicates the di¤erence between the numbers of upper kth-records and lower kth-records in the sequence X 1 ; X 2 ; :::; X n . Note that, for k = 1, this de…nition reduces to the de…nition of the d-statistic in [9] . In i.i.d. case, since every arrangement of independent observations has an equal probability, the probability generating functions of k;r and k;r are obtained as follows:
for 1 r k and
for k < r m. Under the null hypothesis H 0 : F 1 = F 2 = ::: = F n , since the event that the rth observation of the sequence is an upper or lower kth-record is independent of the order among themselves of the preceding observations, one can write the probability mass function of T k;m as
where t 2 f m; m + 1; :::; mg and P (T k;0 = 0) = 1. In addition, the probability generating function of T k;m can be obtained using (2.1) and (2.2) as follows:
Note that the probability of fT k;m = tg is the coe¢ cient of (2.3), the following characteristic function of T k;m is obtained as
Thanks to the characteristic function in (2.4), the following …rst three cumulants are derived: 
Finally, if there is an increasing trend in X 1 ; X 2 ; :::; X n , it is expected that the upper kth-records will be observed more than the lower kth-records. In other words, in such trends, it is expected that the proposed test statistic T k;m will be large enough. Thus, for testing against the existence of a monotonic increasing trend in location, the critical value at level of signi…cance can be de…ned as T k;m = min fj 2 f m; m + 1; :::; mg :
If there is no such j that P (T k;m j)
, it can not be tested at level of signi…cance. For m 5, k 20, and = 0:05, the critical values which are derived using (2.3) can be given as in Table 1 . Note that this table can also be used for left-tailed and two-tailed trend tests since T k;m is symmetrically distributed.
Asymptotic Distribution
One can see that it is di¢ cult to obtain the critical values for large m by using the probability generating function of T k;m in (2.3). For that reason, the asymptotic distribution of T k;m is derived in this section. Let T 
Furthermore, using (3.1), the cumulative function can be derived as
It is clear that since 
Considering (3.3), one has In order to see the practical usage of this result, the exact and the asymptotic cumulative distribution functions of T k;m are given in Table 2 for m = 6, k = 1; 5; 10; 15; 20, and nonnegative values of T k;m . In this table, some numerical values of the exact and the asymptotic cumulative distributions are derived by using (2.3) and (3.5), respectively. It will be seen that the approximation to the distribution of T k;m is remarkably good at m = 6. Therefore, the asymptotic distribution can be used instead of the exact distribution for m 6.
Illustrative Example
Let the data which represent the amount of annual rainfall in inches at the Los Angeles Civic Center during the 100-year period from 1890 until 1989 (see [3] , p.180) be considered. For k = 1; 2; and 3, the upper kth-records and lower kth-records extracted from these data can be tabulated as in Table 3 . Also, the summary statistics of the monotonic increasing trend tests based on 1th-, 2nd-, and 3rd-records have been presented as in Table 4 . From this table, for each one of the tests, it can be statistically said that there is no monotonic increasing trend in location at = 0:05 level of signi…cance.
Empirical Power
This section has been motivated by two di¤erent ways: (i) to compare empirical powers of the T k;m statistic and some well-known statistics (Mann-Kendall's Q statistic [15] and Foster and Stuart's d and D statistics [9] ) if all of the observations are available, and (ii) to give empirical powers of the T k;m statistic for some …xed values of k in the case that only the lists of upper kth-records and lower kth-records of a …nite sequence are available.
Let X 1 ; X 2 ; :::; X n be independent continuous random variables with distribution functions F 1 ; F 2 ; :::; F n , respectively. Recall that the Mann-Kendall's test statistic is 1 ; for X i < X 1:i 1 1 ; for X i > X i 1:i 1 0 ; otherwise
and Y i = X n+1 i for i = 1; 2; :::; n.
In this empirical study, we have restricted the alternative hypothesis to H 1 : F 1 > F 2 > ::: > F n . Also, we have selected the increasing trend model as for convex trend. Furthermore, standard normal, standard logistic, and standard exponential distributions have been used as underlying models for U i 's. Here, n = 10; 50, = 0:05 level of signi…cance, and some selected k values among f2; 3; :::; n 1g have been considered. Moreover, 100; 000 simulations for n = 50 and 300; 000 simulations for n = 10 have been carried out in Matlab to obtain empirical powers of the selected tests.
The simulation results are summarized in Table 5 and 6. In the tables, the values shown as bold represent the largest two empirical powers in each row. It can be said that simulated 's are su¢ ciently closest to the true 's and the Q-test seems to be the most powerful. In general, the proposed test is clearly better than the d-test. For n = 50, the T k;m test is observed to be more powerful than the D-test for almost every selected k. On the other hand, for n = 10, it can be generally said that it is less powerful than the D-test. The reason for this result may be the fact that the true 's of the T k;m tests are considerably smaller than 0:05. Corrected t for continuity. 
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Appendix TABLE 1. Positive critical values for T k;m derived from (2) for m 5 and k 20 k Tk;1 T k;2 T k;3 T k;4 T k;5 k T k;1 T k;2 T k;3 T k;4 T k;5 1 :100 3 3 3 6 :100 2 3 3 3 :050 3 4 4 :050 2 3 3 4 :025 4 4 :025 3 4 4 :010 4 5 :010 4 5 :005 5 :005 4 5 2 :100 3 3 3 7 :100 2 2 3 3 :050 4 4 :050 2 3 3 4 :025 4 5 :025 3 4 4 :010 5 :010 3 4 5 :005 :005 4 5 3 :100 3 4 8 :100 2 2 3 3 :050 4 4 :050 2 3 3 4 :025 4 5 :025 2 3 4 4 :010 5
A l l s e l e c t e d d i s t r i b u t i o n s a r e i n s t a n d a r d f o r m s .
T r u e 's . Table 6 . Empirical power comparison for n = 10. A l l s e l e c t e d d i s t r i b u t i o n s a r e i n s t a n d a r d f o r m s . T r u e 's .
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